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1 Motivation
Major human energy sources are fossil fuels such as oil, coal, and gas [1]. The
energy usable from these sources is mostly gained by combustion processes. Using
these energy resources is connected to major consequences for nature and society,
such as air pollution and climate change. Therefore, one major task for humankind
is to optimize the use of fossil fuels. Another development is replacing fossil fuels
with renewable energy. The increasing share of renewable energy results in new
technological challenges for combustion processes to secure a stable energy supply
[2].
The principle of combustion processes in power plants is the heat transfer with
radiation. The heat vaporizes water as working medium which is used to produce
electricity in a turbine. Therefore, the modeling of the heat transfer with radiation
is essential for modeling the steam production at the boiler in a combustion based
power plant. Understanding the physics of radiative heat transfer in combustion
processes is essential for numerical simulations necessary to fulfill new technological demands [3, 4].
In the following subsections, the motivation for modeling radiative heat transfer in
combustion based processes is given. Chapter 2 and 3 introduce the physical background of radiative heat transfer and the calculation methods. This is followed by
computations and an outlook for the future work.

1.1 Energy Sources Today and in 2035
The BP Energy Outlook 2017 [1] outlines the global energy markets and compares
the data from 2015 to the predicted data for 2035. In 2015 oil, coal and gas contribute 32%, 29% and 24%, respectively, to the global energy demand. Even with
the rapid growth of renewable energy the fuel mix in 2035 is prognosticated to
consist of oil, gas, and coal. Although the share of fossil fuel will decrease from
85% in 2015 to 75% in 2035, the absolute energy use is predicted to increase by
30%. Therefore, despite a decrease in fossil share the absolute demand of fossil fuels will increase slightly. Additionally, in the coming decades, the share of
electricity is predicted to increase from 42% in 2015 to 46% in 2035. Increasing
electrification is predicted in the future energy system. Detailed data of the worldwide energy consumption are given in Table 1.1.
To classify the predictions from the BP Energy outlook, the data are compared to
other energy outlooks in Figure 1.1. The data are in good agreement with the
other energy outlooks [1].
5

Table 1.1: Worldwide energy consumption in 2015 and outlook for 2035, data are
taken from BP Energy Outlook 2017 [1, p. 96].
Primary energy Consumption
Consumption
Expected annual
source
2015 (Mtoe) 2035 outlook (Mtoe)
growth
Oil
4257
4892
0.7%
Gas
3135
4319
1.6%
3840
4032
0.2%
Coal
Nuclear
583
927
2.3%
Hydro
893
1272
1.8%
439
1715
7.1%
Renewables
Total
13147
17157
1.3%
1 Mtoe = 41,868 TJ

Figure 1.1: Comparison of expected annual growth of energy consumption by resource to 2035, taken from BP Energy outlook [1, p. 100].

1.2 Climate Change Challenges and Demand on Flexible Combustion
Process Technology
Combustion based power production is confronted with new technological challenges as demands of environmental protection regulations increase. One challenge is the aim to reduce greenhouse gases emitted by fossil fuel based power
plants. Greenhouse gas emission can be reduced by increasing the efficiency of
fossil fuel based technologies and by implementing low-carbon renewable energy
sources.
To increase the efficiency, various technological challenges have to be solved in
order to achieve this target. For example, new materials are required to sustain
higher live steam temperatures [4]. Another need, covered by this work, is improved calculation methods.
6
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According to Gilbert M. Masters, the technological potential is huge. In 2004, he
indicated:

The newest fossil-fueled power plants approach twice the efficiency of the
old coal burners that they are replacing while emitting only a tiny fraction
of the pollution. [5, p. xvii]

In the USA, on average only half of the thermodynamic potential is used in power
plants [5, p. 128] (based on 2004).
Based on data from 2010, if the worldwide coal power plant efficiency is increased
to 50%, the greenhouse gas emissions would drop by about 2.8 billion metric tons
of carbon dioxide per year [4]. This corresponds to about 7.5% of the worldwide
emissions or the total emissions of the Russian Federation (based on CO2 equivalent data from 2013) [6, p. 33].
Another important challenge is the carbon capture and storage technology (CCS).
Different CCS technologies exist. The oxyfuel CCS concept is ranked as a major technical possibility as well as the pre-combustion and the post-combustion
capture. The idea of oxyfuel carbon combustion process is to burn with nearly
pure oxygen instead of air to produce a flue gas steam rich of water vapor and
CO2 content. Part of the flue gas is recycled to control the flame temperature in
the combustion chamber. The advantage of the oxyfuel CCS technology is that the
CO2 can be removed from the flue gas stream by dehydration and low-temperature
purification processes. The disadvantage to this is the reduction in efficiency of the
power plant. However, there are still many possibilities of improving oxyfuel technology. Radiative heat transfer models are one example because in the oxyfuel
combustion process different physical parameters have to be considered. The
reasons are such as different gas mix in the combustion chamber and deviant
temperatures [7, 8].
Due to the growing use of wind and solar power, the global energy share is shifting
to renewable energy sources (cf. Table 1.1). The increasing use of wind and solar
power pressures the German electricity system to become more flexible because
wind and solar power production is subject to fluctuating weather conditions. This
work does not cover the discussion of the different energy forms. Nevertheless, as
the share of renewable energy increases, there has to be an energy source which
provides electricity in situations with no wind and no sunlight.
The residual electricity demand could be met using combined heat and power
plants which are based on combustion processes [2]. The demand for more
flexible power production due to fluctuations in wind and solar power and the
demands of different power plant configurations due to the increasing use of combined heat and power plants will result in significant technological challenges for
the future combustion based power production. A deeper understanding of the
radiative heat transfer and an accurate modeling of the heat balances contribute
to these technological challenges.
1.2 Climate Change Challenges and Demand on Flexible Combustion Process Technology
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1.3 Motivation for Understanding Radiative Heat Transfer in Combustion
Processes

Figure 1.2: Illustration of radiative heat transfer by particles, gases, and wall deposits in a power plant combustion chamber; Figure provided by supervisor Vitali
Kez.
Important uses of the radiation heat transfer theory are given for different combustion processes. There are many possible fuels for thermal power plants based
on combustion, such as lignite, hard coal, natural gas, biomass, and waste. The
fuel properties have to be taken into account for numerical simulations. For example, the complex index of refraction is an important influence on the heat transfer
of coal since it is varying noticeable [9].
The resultant heat of a combustion based power plant can be transferred by thermal convection, thermal conduction or thermal radiation. The thermal radiation
heat transfer is the significant mechanism in combustion processes, especially in
furnaces of power plants boilers due to the high temperatures dependence of this
heat transfer mode. In Figure 1.2 a typical furnace of a power plant boiler is depicted, and the heat radiation by particles, gases, and wall deposits is illustrated.
To develop numerical simulations which describe the physical behavior of flames
precisely a detailed modeling of the radiative heat transfer is essential. Additionally, it is necessary to include the interaction of particles with radiation, since
8
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many particles are presented in the burner region as burning fuel particles and in
the flue gas as ash particles [3].
Other applications of the heat transfer theory are given for understanding the radiative transfer such as dust configurations around stellar objects [10], scattering
within the earth atmosphere [11, p. 387], biomedical therapeutic applications,
renewable solar energy, and material processing [12].

1.3 Motivation for Understanding Radiative Heat Transfer in Combustion Processes
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2 Physical Background of Radiative
Heat Transfer
This chapter introduces the basics of electromagnetic waves and their interaction with matter. This helps the understanding of heat transfer by radiation. An
overview of different scattering phenomena is given and is complemented with
the Lorenz-Mie theory and the radiative transfer equation.

2.1 Electromagnetic Waves in Matter
Electromagnetic waves have a constant direction and intensity in a perfect vacuum. Different phenomena occur in matter. Every electromagnetic wave is described by the wavelength λ = c f −1 which depends on the phase velocity c and
the frequency f of the wave. The energy of a wave decreases with increasing
wavelength and is described by λ = hcE −1 with the energy E, the speed of light c
and the Planck constant h (for values see Table A.2).
The speed of an electromagnetic wave in a vacuum equals the speed of light but in
matter, a reduced phase velocity vPh is observed. The phase velocity is described
by the real part of the index of refraction n r via vPh = c/n r . The maximum speed
of electromagnetic wavelengths is c. Therefore, the index of refraction is 1 in vacuum. For all intents and purposes, the value of n r in this work is larger than 1.
The index of refraction depends on the wavelength. This is called dispersion [13,
p. 223].
Electromagnetic waves interact differently in matter. In a medium, emission and
absorption are possible. For particles in the medium, scattering effects can occur.
Particle properties, such as size and shape, are essential for an accurate description
of scattering phenomena [14].

2.1.1 Emission
Every object emits and absorbs electromagnetic waves. If emission and absorption
are equal, the object is in a thermal equilibrium. The emitted energy per area Pe
is proportional to the surface area A, the temperature T and emissivity ε. The
relation
Pe = εσSB AT 4

(2.1)

is called Stefan-Boltzmann law. The parameter σSB is the Stefan-Boltzmann constant (for value see Table A.2). The emissivity of a material ε describes its effectiveness in emitting energy. The value is between 0 and 1. A material with ε = 1
11

is called a black body, and its emissivity is maximum [15, p. 632].
Equation (2.1) gives only the total emitted energy. For a single wavelength λ
the emitted energy can be given with the Planck’s spectral distribution of emissive
power. For a black body (ε = 1), it is defined as
2πhc 2

,


I b,λ (T ) =
−
1
n2 λ5 exp nkhc
B λT

(2.2)

where kB (for value see Table A.2) is the Boltzmann’s constant. Typical spectra

Figure 2.1: Blackbody emission spectrum as a function of the wavelength and the
blackbody temperature T , public domain figure taken from Wikimedia Commons
[16].
of the temperature depending black body emission are shown in Figure 2.1. For
hc/kB  1 one can simplify Equation (2.2) to


2hc
hc
I b,λ (T ) = 3 exp −
λ
kT λ

(2.3)

which is called the Wien’s formula. The maximum intensity for a temperature T in
Kelvin given by λmax Wien’s displacement law quantifies
λmax = 2897.7686 µm · T (K) .

(2.4)

As shown in Figure 2.1 and seen in (2.4) the maximum intensity shifts to shorter
wavelengths with increasing temperature [17, p. 17-22].
12
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2.1.2 Absorption
Absorption takes place in every medium. The strength of the absorption is directly
proportional to the intensity of the incident electromagnetic waves along the path
ŝ. During a small interval ds the absorption is
dI
= −κ I ,
ds

(2.5)

where κ is the absorption coefficient. The reduction of intensity can be described
by Beer’s law. As distance ∆s increases the intensity I0 decreases:


4πκ
∆s .
I(κ, ∆s) = I0 exp −
λ

(2.6)

For a cloud of particles, the absorption coefficient for the total beam can be defined
with the individual absorption coefficients of all particles and all involved gases as
[13, 17]
X
X
κ=
κi +
κj
(2.7)
i, particles

j, gases

2.1.3 Scattering
To obtain a complete understanding of combustion processes another effect has
to be considered, besides of absorption and emission. Similar to Equation (2.5) it
can be described with
dI/ds = −σI ,

(2.8)

where σ is the scattering coefficient. Together with the absorption coefficient κ, it
is possible to define an extinction coefficient as β = κ + σ which will be used later.
As is shown in most radiative heat transfer calculations, in this work the scattering
of molecules of the medium is taken to be negligible. Therefore (2.7) can be given
by
X
σ=
κi
(2.9)
i, particles

for the scattering coefficient.
The scattering can either occur without energy loss (elastic scattering) or with
energy loss (inelastic scattering). Most scattering processes are elastic. Therefore,
the wavelength does not change. In this work, only elastic scattering is considered.
Scattering can either occur as refraction, reflection, or diffraction and is shown in
Figure 2.2. These three effects are included in all scattering aspects in this work.
The clearance of the particle can be defined as c p . If the clearance-to-wavelength
2.1 Electromagnetic Waves in Matter
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Figure 2.2: Scattering types: Refraction, reflection, and diffraction for spherical
particles, taken from Modest [11, p. 388] with small modifications were made due
to different nomenclature in this work.
ratio of the particles is c p /λ  1 it is independent scattering and means that the
presence of surrounding particles does not affect the scattering process. For a
ratio c p /λ  1 the influence of the surrounding particles on the scattering has
to be accounted for so-called dependent scattering). Classification of different
particle types in dependent and independent scattering is shown in Figure 2.3.
The combustion processes analyzed in this work are all independent scattering
processes [11, 17].

Scattering types
With regard to the ratio of particle size to wavelength, various scattering phenomena can be described. They can be differentiated as follows [18]:
• r  λ: Atmospheric absorption
• r < λ: Rayleigh scattering
• r ≈ λ: Mie scattering
• r  λ: Geometrical optics or diffraction theory.
For combustion processes, it is not necessary to deal with geometrical optics or
diffraction theory because there are no particles much bigger than the present
wavelengths.
The ratio of particle radius and wavelength can be described with the size parameter x defined as
x = 2πr/λm = 2πr ν̃,

(2.10)

where λ is the wavelength in medium, given as λm = λ/n. The wavenumber
ν̃ is the number of wavelengths per unit distance and given as ν̃ = λ1 . For this
work, only Rayleigh and Mie scattering are relevant due to the ratio of particle
size to wavelength necessary in heat transfer of combustion based power plants
[13, 17, 18]. The theoretical description of these phenomena can be found in
Section 2.3.
14
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Figure 2.3: Map of dependent and independent scattering for different particle
types, subject to the size parameter x and the volume fraction f v introduced in
Equation (2.56), taken from Modest [11, p. 389].

2.2 Radiative Transfer Equation
Using the knowledge of absorption, emission, and scattering, it is possible to define the radiative transfer equation for electromagnetic waves (RTE) [18]. The
equation describes the radiative intensity balance dI/ds of rays traveling in the
direction s at the position r through a medium. The intensity of the rays I is
decreased by absorption and out-scattering, and increased by emission and inscattering of the surrounding medium. The intensity change is described as

dI
σ
= (s · ∇) I(r, s) = κI b (r) − (κ + σ) I(r, s) +
{z
} 4π
| {z } |
ds
extinction
|
emission

Z

Φ(s0 , r) I(r0 , r) dΩ0
4π
{z
}

(2.11)

in−scattering

where I b is the blackbody radiative intensity at r in the direction s (for emission, see Section 2.1.1). In order to find the in-scattering, all incoming rays from
solid angle s0 and the rays’ scattering into the outgoing direction s have to be
calculated. This is quantified by Φ(s0 , r)I(r0 , r)dΩ0 , and gives the radiative energy
scattered into the considered direction. The involved phase function Φ(s0 , s) gives
2.2 Radiative Transfer Equation
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the probability for in-scattering for a ray from solid angle s0 . Thus, it has to fulfill
the relation
Z
1
Φ(s0 , s)dΩ = 1
(2.12)
4π 4π
because of the standardization of the phase function. The intensity at an opaque
diffuse surface I w can be given by
Z
1 − εw
I w (s) = εw I bw +
I w (s0 ) s0 · nw dΩ0
(2.13)
π
0
s ·n <0
w

where nw is the unit normal vector on the boundary toward the inside of the
computational domain [19]. The RTE can be transformed with the extinction coefficient β = κ+σ, nondimensional optical coordinates τ and the single scattering
albedo ω, given by
τ=

Z

s

(κ + σ) ds =

0

and ω =

σ
σ
= ,
κ+σ β

Z

s

βds

(2.14)

0

(2.15)

into a modified version of the RTE where one can define the last two terms as a
source function S(τ, ŝ):
Z
dI
ω
= −I + (1 − ω)I b +
Φ(s0 , r) I(r0 , r) dΩ0
(2.16)
dτ
4π 4π
|
{z
}
source function S(τ,ŝ)

Therefore, Equation 2.16 can be simplified into an integro-differential equation
given by:
dI
+ I = S (τ, ŝ) .
dτ

(2.17)

In general, the blackbody radiative intensity I b is not known and can be obtained
from the overall energy equation [11, p. 285]. Further detailed derivations of the
RTE are given by Modest [11, p. 283–286].

2.3 Lorenz-Mie Theory
The Lorenz-Mie scattering theory (LMT) it is the mathematical description for the
Rayleigh scattering, the Mie scattering, and the geometrical optics. Since LorenzMie theory is comprehensive, is it mostly used for the Mie scattering phenomenon.
For pure Rayleigh scattering or geometrical optics phenomena, easier descriptions
are in use than Lorenz-Mie theory.
16
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Many physicists contributed to the LMT. The German physicist Gustav Mie (1868–
1957) described the LMT in his work Beiträge zur Optik trüber Medien [20]. Because of earlier contributions by Ludvig Lorenz (1829–1901) it is called LorenzMie theory. Other contributions to the LMT came e.g. from Lord Rayleigh, P. Debye
or J.J. Thomson. A historical description can be found in Hergert [21, p. 1–48].
The following is a brief introduction of the Lorenz-Mie theory taken from Modest
[11, p. 387–397]. Additional explanations can be found there.

2.3.1 Asymmetry of scattering
A major difference between the Mie and Rayleigh scattering is the asymmetry
of the scattering. To understand this, knowledge of the phase function Φ (cf.
Equation (2.12) is needed. The phase function can be expressed with
Z
Φ(θ , φ) dΩ = 4π

(2.18)

4π

for the solid angle Ω, described by the polar angle θ and the azimuthal angle φ.
For the phase function, azimuthal symmetry can be assumed for many situations.
Thus, the phase function is given by Φ(θ , φ) = Φ(θ ) and so, only the polar angle
is necessary for calculations. In this work, this assumption is always used.
By calculating the average cosine of the scattering angle of Φ(θ , φ), it is possible
to define the asymmetry parameter as
Z
1
g = 〈cos θ 〉 =
Φ(Ω) cos θ dΩ .
(2.19)
4π 4π
The asymmetry parameter g lies between -1 for total backward scattering, 0 for
symmetric scattering and 1 for total forward scattering. Rayleigh scattering is
symmetrical in the forward and backward propagation direction. Therefore, the
asymmetry parameter is zero, and the phase function for Rayleigh scattering can
easily be calculated with [11, p. 399]

3
ΦRayleigh (θ ) =
1 + (cos θ )2 .
(2.20)
4
But for Mie scattering, a strong scattering occurs in the forward propagation direction. Therefore, the asymmetry parameter is 0 < g < 1 and the phase function
calculation is challenging.
The diverse scattering behavior is exemplary shown for three different sets of size
parameter x in Figure 2.4. The wavelengths x = 0.15 (λ = 0.40 µm), x = 1.88
(1.00 µm) and x = 0.15 (5.00 µm) were plotted for a constant particle size of
r = 0.12 µm and an index of refraction of n = 1.67 + 0.03i. For a small size
parameter x = 0.15 (black graph), Rayleigh scattering is appearing. A decent forward scattering is visible for x = 0.75 (red graph) with an asymmetry parameter
of g ≈ 0.12. For x = 1.88 (blue graph), a strong forward scattering is shown,
where the asymmetry is g ≈ 0.58.
But to describe the Mie scattering a detailed understanding of the LMT is necessary. The LMT is introduced in the following.
2.3 Lorenz-Mie Theory
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Figure 2.4: Polar plot for various scattering phase function: Symmetric Rayleigh
scattering for x = 0.15 (red graph); decent and strong Mie forward scattering for
x = 0.75 and 1.88, respectively.

2.3.2 Mie scattering coefficients
In the following, a derivation of the Mie scattering coefficients of the LMT is given.
A more detailed derivation can be found at Modest [11, p. 388–392]. The following formulations were taken from there. The overall absorption and scattering
of a particle is defined by the absorption cross-section Cabs and the scattering
cross-section Csca , respectively. Together, an extinction cross-section is defined
as Cext = Cabs + Csca . With the radius r of a sphere, the cross section can be
rewritten as efficiency factors Q of the absorption, scattering and extinction:

Q ext = Q abs + Q sca =

Cext
Cabs Csca
=
+
.
πr 2
πr 2 πr 2

(2.21)

To get the efficiency factors one has to start with the scattering angle θ . If electromagnetic waves irradiate on a spherical particle, they are scattered away by an
angle θ from the original direction. This was shown in Figure 2.2. The intensity
of the scattered electromagnetic wave is proportional to the amplitude functions
18
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S1 (θ ) and S2 (θ ). The intensity ratio of the incoming beam to the scattered radiation is given by
Isca (θ ) 1 i1 + i2
=
,
Iin
2 x2

(2.22)

where i1 and i2 are the nondimensional polarized intensities. They can be calculated with the amplitude functions S1 and S2 as
i1 (x, n, θ ) = |S1 |2

(2.23)

2

(2.24)

i2 (x, n, θ ) = |S2 | .

The scattering cross-section Q sca from Equation (2.21) can be rewritten with Equation (2.22) into the total energy scattering by the sphere into all directions with
Csca
a2
Q sca =
=
na2
πa2

Z
4π

Isca
1
dΦ = 2
Iin
x

Z

π

(i1 + i2 ) sin θ dθ .

(2.25)

0

Using all given expressions together, the scattering phase function, introduced in
2.18, can be given by
Φ(θ ) =

i1 + i2
1
4π

R

(i + i2 ) dΩ
4π 1

=2

i1 + i2
.
x 2Q sca

(2.26)

The challenge of calculating the phase function is the amplitude functions S1 and
S2 which are deduced from the two perpendicular polarizations. For general calculations, their full equations
∞
X
2m + 1
S1 (θ ) =
[am πm (cos θ ) + bm τn (cos θ )]
m(m
+
1)
m=1
∞
X
2m + 1
S2 (θ ) =
[bm πm (cos θ ) + am τn (cos θ )]
m(m
+
1)
m=1

(2.27)
(2.28)

have to be applied. The direction-depending functions πm and τm are given by
πm (cos θ ) =

dPm (cos θ )
d cos(θ )

τm (cos θ ) = cos θ πm (cos θ ) − (sin θ )2

(2.29)
dπm (cos θ )
,
d cos θ

(2.30)

where Pm stands for the Legendre polynomials. Further mathematical explanations about Legendre polynomials can be found in appendix B.
The index of refraction is described as an imaginary number with
n = n r − iκ .
2.3 Lorenz-Mie Theory

(2.31)
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n r , the real part of n, is needed for further calculations. The Mie scattering coefficients am and bm depend on complex functions given as
am =

ψ0m ( y)ψm (x) − nψm ( y)ψ0m (x)

(2.32)

ψ0m ( y)ζm (x) − nψm ( y)ζ0m (x)

and
bm =

nψ0m ( y)ψm (x) − ψm ( y)ψ0m (x)
nψ0m ( y)ζm (x) − ψm ( y)ζ0m (x)

,

(2.33)

with y = n r x. The functions ψm and ζm are called the Riccati-Bessel functions
and can be expressed by
s
πz
ψm (z) =
Jm+1/2 (z)
(2.34)
2
s
πz
ζm (z) =
H m+1/2 (z) ,
(2.35)
2
where Jm+1/2 (z) and H m+1/2 (z) are the Bessel and Hankel functions.
With Equations (2.32) and (2.33) the efficiency factors, Equation (2.21), can be
transformed into
∞

2X
Q sca =
(2m + 1) |am |2 + |bm |2
(2.36)
x m=1
∞
2X
(2m + 1) ℜ{am + bm } .
(2.37)
Q ext =
x m=1
After calculation of the Mie coefficients am and bm the phase function can be calculated with Equation (2.26). This way is rather lengthy because of the calculation
of the nondimensional polarized intensities, Equations (2.23) and (2.24) for every
scattering angle θ .
The complexity of these calculations can be exemplary shown for the asymmetry
parameter g of a spherical particle. Based on Equation (2.19) it is calculated via
g = 〈cos θ 〉 as

∞ 
4 X m(m + 2)
2m + 1
∗
∗
∗
g= 2
ℜ{am am+1 + bm bm+1 } +
ℜ{am bm } . (2.38)
x Q sca m=1
m+1
m(m + 1)
The calculation of the Mie coefficients and the asymmetry parameter g (2.38) is a
challenging task in computing [11, p. 388–392].

Alternative approach of Mie phase function calculation
Alternatively, Chu and Churchill introduced a phase function based on a series of
Legendre polynomials with
Φ(θ ) = 1 +

∞
X

Am Pm (cos θ ) ,

(2.39)

m=1
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where Am is directly related to the Mie coefficients and the Legendre polynomial
Pm . This formulation was used in this work because all phase function values Φ(θ )
can be derived directly from the An coefficients without new calculations of every
scattering angle θ [11, p. 388–392]. The Am coefficients, derived by Clark, Chu,
and Churchill [22], are given by

∞ j 
2(−1)n X X
2
Am =
K(x, y) j=1 k=1 1 + δ jk



2
1
0
· (2m + 1)
( j( j + 1) + k(k + 1) − m(m + 1)) w jkm W jk + v jkm Vjk
2

(2.40)

with
¨
δ jk =

0

for j 6= k

0

for j = k .

(2.41)

The calculation of W jk and Vjk with real (ℜ) or imaginary (ℑ) coefficients A and B
are given with
W jk = ℜ(A j )ℜ(Ak ) + ℑ(Ai )ℑ(Ak ) + ℜ(B j )ℜ(Bk ) + ℑ(B j )ℑ(Bk )
Vjk = ℜ(A j )ℜ(Bk ) + ℑ(A j )ℑ(Bk ) + ℜ(B j )ℜ(Ak ) + ℑ(B j )ℑ(Ak ) .

(2.42)
(2.43)

w jkm and v jkm are calculated with t = 0, 1, 2, ..., k as
w0jkm = 0, if j + k − m 6= 2t

(2.44)

v jkm = 0, if j + k − m 6= 2t + 1

(2.45)

and


j+k+m
!
( j + m − k)! · (k + m − j)! · ( j − k + m)! ·
2
w0jkm =

 
 
 2 if j + k − m = 2t
j+m−k
k+m− j
j+k−m
( j + k + m + 1)!
!·
!·
!
2
2
2
(2.46)
and
v jkm = (2m + 1) · ( j + k − m) · ( j + m − k + 1) · (k + m − j + 1) ·

· 



j+k+m+1
2

2

!

( j + m − k + 1)! · (k + m − j + 1)!
( j + k − m − 1)!
if j + k − m = 2t + 1 .
 
 
 2 ·
j+m−k+1
k+m− j+1
j+k−m−1
4
(
j
+
k
+
m
+
1)!
!·
!·
!
2
2
2
(2.47)

Further derivations and information can be found at Clark, Chu, and Churchill
[22]. The details for Equation (2.40) were taken from there. The challenging
computation of the LMT in both approaches is clearly visible.
2.3 Lorenz-Mie Theory
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2.3.3 Influence of the particle properties
Particle properties are a major influence on scattering processes and the LMT
calculations. In this work, only independent scattering is assumed (see Section
2.1.3). Therefore interactions between particles are not considered. Additionally,
two different calculation are possible: Either for a uniform sized particle cloud or
a heterogeneous sized particle cloud. Naturally, different particle sizes require a
more detailed physical characterization.

Uniform sized particles
For a cloud of uniformly sized particles, it is necessary to use the number of particles per unit volume NT and the particle radius r. Including these, then the
scattering, absorption, and extinction coefficients can be expressed by
σ = NT Csca = πr 2 NT Q sca

(2.48)

2

κ = NT Cabs = πr NT Q abs

(2.49)
2

β = κ + σ = NT Cext = πr NT Q ext .

(2.50)

For a homogeneous particle cloud, the phase function Φ is equal to one particle
or to the whole particle cloud. Therefore, this equally applies to the asymmetry
parameter g.
Based on blackbody radiation I b (introduced in section 2.1.1) the coefficients for
a single particle can be rewritten as
Z∞
π
I b y dλ , with y = κ, σ or β ,
(2.51)
yp =
σSB T 4 0
where σSB is the Stefan-Boltzmann constant (for value see Table A.2). With Equation (2.51) the scattering, absorption, and extinction coefficients can be determined. Derivations are taken from Modest [11, p. 394–395]. More detailed
information and other expressions can be found there.

Nonuniform sized particles
For a cloud consisting of particles of various sizes, the description is more complicated since the coefficients depend on, e.g., the particle radius. Nevertheless, the
shape is not meaningful because for a high number of particles the irregularities
tend to be compensated [11, p. 387]. Therefore, a spherical shape is assumed
here. For the various particle radii a particle distribution function can be used.
One variety is the modified gamma distribution n(a) given as

n(a) = Aaγ exp −Baδ
(2.52)
with {A, B, γ, δ} ∈ R+ and 0 ≤ a < ∞ .
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(2.53)
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The parameters have to be derived from measurable quantities, such as the number of particles per unit volume NT , with

Z∞
Z∞
γ+1

AΓ
δ
NT =
,
(2.54)
n(a) da = A
aγ exp −Baδ da =
δB (γ+1)/δ
0
0
where Γ is the gamma function:
Γ (z) =

Z

∞

exp (−t) t z−1 dt .

(2.55)

0

Therefore, the parameter A can be determined with NT . Using the gamma function, the dimensionless volume fraction (the total volume of particles per unit
volume) f v is defined by

Z∞
γ+4
4πAΓ δ
4 3
πa n(a) da =
.
(2.56)
fv =
(γ+4)/δ
3
3δB
0
Then, the absorption and the scattering coefficients are given by
κ=
σ=

Z

∞

Z0∞

Cabs n(a) da = π
Csca n(a) da = π

0

Z

∞

Z 0∞

Q abs a2 n(a) da

(2.57)

Q sca a2 n(a) da .

(2.58)

0

For Equations (2.57) and (2.58), it is assumed all particles have the same optical
properties such as the index of refraction. The phase function Φ and the asymmetry parameter are not the same for all particles because they depend on particle
size. For the total particle cloud, both parameters are given by
R∞

(i1 + i2 ) n(a) da

1

0R ∞
Φ(θ ) =
=
R
1
(i1 + i2 ) n(a) da dΩ σ
4π 4π
0

Z

∞

Csca (a) Φ(a, Ω) n(a) da

0

(2.59)
and g =

1
σ

Z

∞

Csca (a) g(a) n(a) da .

(2.60)

0

More detailed derivations, graphical illustrations and examples are given by Modest [11, p. 396] and Howell et al. [17, p. 747]. The expressions mentioned above
were taken in major part from Modest [11, p. 396].

2.3.4 Approximations to Mie phase function
The calculation of the Mie scattering coefficients and the resulting phase function
is complicated, as seen in Section 2.3.2. Modest and Azad indicated:
2.3 Lorenz-Mie Theory
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It is obvious [...] that exact solutions employing the full Mie-scattering
phase function are extremely involved, and are close to impossible if nonplanar and/or multidimensional problems are considered [23, p. 94]
Therefore, approximations of the Mie phase functions are a compromise between
accuracy and the complexity of calculation. The Henyey-Greenstein function
(HGF) is often used to describe the distribution of the scattered electromagnetic
wave as
ΦHGF =

1 − g2
[1 + g 2 − 2g cos(θ )]3/2

..

(2.61)

and to describe the asymmetric distribution with the asymmetry parameter g.
The HGF is a good approximation to describe Lorenz-Mie scattering for use in
discrete ordinates method. There are other phase functions which are used in
large diffuse spheres or as good approximations for fast computations (see Schlick
phase function) [14, 17, 18].
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3 Calculation Methods
After introducing the physical basics, calculation methods used in this work will
be described. The primary task of these methods is to solve the RTE. For that, a
discretization of the RTE is necessary. The discrete ordinate method (DOM) and
the finite volume method (FVM), which discretize the RTE, are introduced. The
RTE is an equation which contains an integral over a total solid angle (see Section
2.2).
To make a calculation possible this integral must be simplified. Two methods, the
discrete ordinate method (DOM) and the finite Volume Method (FVM), are introduced in this section. There are other methods like the discrete transfer method,
the finite-difference method or the finite-element method. Descriptions can be
found in Howell [17, p. 655 ff.]. Modest gives brief explanations of the flux methods and the YIX Method [11, p. 574-575].
The following introduction of the DOM and the FVM were taken from Modest [11,
p. 542–572], Howell [17, p. 640–655] and Raithby and Chui [24].

3.1 Discrete Ordinate Method
The first suggestion of a precursor to the discrete ordinate method (DOM) was
published independently by Schuster [25] and Schwarzschild [26] in 1905 and
1906, respectively. The method was called the two-flux method and was used for
modeling the radiative transfer in stellar atmospheres. In this time, many modifications were made [17, p. 640].
The discrete ordinate method (DOM) solves the RTE, as described in Equation (2.11) in Section 2.2 for a set of n different prescribed directions ŝi with
i = 1, 2, ..., n. By replacing the integrals over the direction with numerical quadrature and replacing the integrals over a range of solid angles by summing over
the ordinate directions, the heat flux inside the medium (or at a surface q with
incident radiation G) of the RTE given in (2.11), can be transformed into
Z
n
X
q(r) =
f (ŝ)ŝdΩ '
ωi f (ŝi )ŝi
(3.1)
4π

and G =

Z
4π

i=1

f (ŝ)dΩ '

n
X

ωi f (ŝi )

(3.2)

i=1

with the quadrature weights ωi in directions ŝi . With Equations (3.1, 3.2) the RTE,
Equation (2.11), and the corresponding boundary condition, Equation (2.13), can
be transformed into
n
σ X
(ŝi · ∇) I(r, ŝi ) = κI b (r) − β I(r, ŝi ) +
ω j I(r, ŝ j )Ω(r0 , ŝ j , ŝi )
(3.3)
4π j=1
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and
1 − ε(rw ) X
ω j I w (rω , s0 ) s j · n̂w ,
π
ŝ0 ·n̂ <0

I w (rw , ŝi ) = ε(rw )I b (rw ) +

(3.4)

w

respectively, where β = κ + σ is the extinction coefficient (see Section 2.1.3), rw
is the position on the boundary, fulfilling the condition s j · n̂w > 0.
For solving the equations, an iterative numerical solution procedure has to be applied to account for the in-scattering term and reflective boundaries. Additionally,
the volume and the boundary must be divided into finite volume and finite area
elements. A typical 2-dimensional control volume is shown in 3.1. Altogether,

Figure 3.1: Typical control volume ∆V for two dimensions, self-made figure.
this results in a set of linear differential equations and boundary conditions. The
calculations give the intensities I i along the ordinates in the medium. The heat
flux q is given by
Z 4π
X
q(r̂) =

I(r̂, Ω) cos θ dΩ =

Ω=0

l i w j I i (r̂) ,

(3.5)

i

where cos θ or l i are the cosines between the ordinate and coordinate direction.
In addition, the values of the incident heat flux G, the radiative heat flux q(r) and
the n intensities I i are calculated with the DOM in each iteration. G and q are
updated with the results, and another iteration can be done.
The only restrictions placed on the directions ŝi for choosing the quadrature
scheme is the preservation of symmetry and fulfilling the zeroth, first and second moment. These moments are given by
Z
n
X
dΩ = 4π =

4π

Z

4π
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(3.6)

ωi ŝi

(3.7)

ωi ŝi ŝi

(3.8)

i=1

ŝ dΩ = 0 =

4π

Z

ωi

ŝ ŝ dΩ =

n
X
i=1

4π
δ=
3

n
X
i=1
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where δ is the unit tensor [11]. From these conditions, it is possible to create sets
of directions and weights which have different accuracies. The heat flux at a wall
is determined using the first moment over a half range
Z

|n̂ · ŝ| dΩ =

n̂·ŝ<0

Z
n̂·ŝ>0

n̂ · ŝ dΩ = π =

X

ωi n̂ · ŝi .

(3.9)

n̂·ŝi >0

Owing to Equation (3.9), it is not possible to choose arbitrary orientations of the
surface normal. Therefore, using n̂ = î, ĵ or k̂ the direction cosine of ŝi can be
given by



ŝi = ŝi · î î + ŝi · ĵ ĵ + ŝi · k̂ k̂ = ξi î + ηi ĵ + µi k̂

(3.10)

The positive values of ξi , ηi and µi give the direction in one-eighth of the total
range of the solid angle 4π. Together with negative values and/or directions the
whole solid angle is covered. An even number of equations has to be solved simultaneously at each grid point. One possible set of directions is called the SN
quadrature set [27]. N is the number of cosines used for the directions in every
octant. Each octant contains

 

N
N
N (N + 2)
N
+
−1 +
− 2 + ... + 1 =
2
2
2
8

(3.11)

ordinates, so-called quadrature points. This results in solving N (N +2) differential
equations at each grid point. Therefore, the S2 discrete order set contains eight
different differential equations, while S4 contains 24 [11, 17]. Different sets of
weights and ordinate directions have been found over the years. An example for
S2 , S4 and S6 is given in Table 3.1. Further explanations and computed values for
different sets of ordinates are given by Modest [11, p. 544-545] and Howell [17,
p. 640-655].
Table 3.1: Exemplary sets of weights and ordinate directions taken from W.A. Fiveland [28] via Howell [17, p. 651].
Set SN point
ξi
ηi
µi
Weights w
S2
1
0.5773503 0.5773503 0.5773503 1.5707963
1
0.2958759 0.2958759 0.9082483 0.5235987
S4
2
0.9082483 0.2958759 0.2958759 0.5235987
3
0.2958759 0.9082483 0.2958759 0.5235987
1
0.1838670 0.1838670 0.9656013 0.1609517
2
0.6950514 0.1838670 0.6950514 0.3626469
S6
3
0.9656013 0.1838670 0.1838670 0.1609517
4
0.1838670 0.6950514 0.6950514 0.3626469
5
0.6950514 0.6950514 0.1838670 0.3626469
6
0.1838670 0.9656013 0.1838670 0.1609517
3.1 Discrete Ordinate Method
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The DOM suffers from two significant drawbacks. These are the ray effect and false
scattering.
The angular discretization leads to the ray effect. It is assumed that in a small
part of the grid a very high emission occurs. The produced rays may not reach
remote parts of the volume because the rays become far apart. This effect gives
nonphysical results. The ray effect can be reduced by increasing the number of
solid angle directions.
As a result of spatial discretization so-called false scattering can occur. This happens when a single, collimated beam will widen by „moving“ through the grid. As
a result, the beam will be smeared without scattering. To avoid false scattering, it
is necessary to increase the number of control volumes [11, p. 560].

3.2 Finite Volume Method
Another method to calculate the RTE is the Finite Volume Method (FVM). It is accepted as a finite volume approach, in space as well as in direction. It was first
proposed by Raithby and Chui in 1990 [24]. FVM is described as one of the most
established solution methods in an interacting medium. The FVM is based on the
analysis of convective energy transfer and fluid flow. A motivation for introducing
the FVM is to improve the DOM which suffers from several deficits in its implementation. A significant problem of the DOM is that the conservation of radiative
energy does not exist.
The idea is to divide the sphere of solid angles around a volume element into
equal solid angles. Alternatively, the sphere can be divided into equal circumferential or polar angles. The weighting factors as in DOM are not used. For the
control volume, it is assumed that all parameters in the volume and at the borders are constant. Therefore, the allocation of the control volumes is important.
A compromise between the necessary computation time (better for fewer control
volumes) and the uncertainties of the assumptions (better for a higher number of
control volumes) has to be found [11, 17, 29]. The starting point for the derivation is the RTE, Equation (2.11), introduced in Section 2.2. The first step is to
break the domain of 4π steradian into n solid angles Ωi with i = 1, 2, ..., n. These
solid angles fill the directional domain without an overlap. Therefore,
n

X
1
=
Ωi = 1
4π i=1

(3.12)

has to be fulfilled.
The volume integration ∂ I/∂ s with an arbitrary shape can be expressed with the
Gauss’s theorem as
Z
V
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∂I
dV =
∂s

Z

ŝ · ∇I dV =
V

Z

∇ · (ŝI) dV =
V

I
I ŝ · n̂ dΓS

(3.13)

ΓS
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where ΓS is the surface of a volume element, and n̂ is the outward surface normal.
The RTE, Equation (2.11), can be rewritten into
∂I
dV dΩ =
∂s

Z Z
Ωi

V

Z Z
Ωi

(κI b − β I) dV dΩ +

Z Z
Ωi

V

V

σ
4π

Z

Φ(ŝ0 , ŝi )I(ŝ0 ) dΩ0 dV dΩ

4π

(3.14)
This can be derived with Equation (3.13) into an integral over ΓS , given by
Z I
Ωi

I(ŝi · n̂) dΓ dΩ =

ΓS

Z Z
Ωi

Z Z

(κI b − β I) dV dΩ +

Ωi

V

V

σ
4π

Z

Φ(ŝ0 , ŝi )I(ŝ0 ) dΩ0 dV dΩ .

4π

(3.15)
Assuming constant values within a control volume, the surface and volume integrals can be dissolved to
X
k

Z
Ak

I(ŝi · n̂k ) dΩ = V

Ωi

Z

(κI b − β I) dΩ + V

Ωi

Z
Ωi

σs
4π

Z

Φ(ŝ0i , ŝi ) I(ŝ0 ) dΩi dΩ ,

4π

(3.16)
where k in n̂k describes the six surface areas of the control volume. It is given that
the physical parameters are constant within a control volume during the dissolve
of integrals over Ωi . This does not account for the scalar product (ŝi · n̂k ), because
it is a geometrical parameter. Therefore, the RTE can be rewritten as
6
X

σ
Dk Ak I k = V Ωi (κI b − β I) + V Ωi
4π
k=1

Z

Φ(ŝ0 , ŝi ) I(ŝ0 ) dΩ0 dΩ

(3.17)

4π

where Dk represents the integral over the solid angle together with the border area
k. The values of the coefficients β, κ and σ are true for the center of each control
volume. Dk can be given with
Dk =

Z

(ŝi · n̂k ) dΩ .

(3.18)

dΩi

The remaining integral over the solid angle can be replaced with discrete solid
angles as well. At the end, the resulting equation (3.17) describes the energy balance along a spatial direction. The resulting incident heat flux G and the radiative
heat flux q are calculated by
Gp =
and q p =

X
i
X

I pi

(3.19)

I pi si .

(3.20)

i

3.2 Finite Volume Method
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The wall fluxes are given by
!


qq = εq E bq − Hq = εq

X
i,out

si · n̂q −

X

I wi si · n̂q

(3.21)

i,in

where I pi are the internal intensities, and I wi are the boundary intensities. A
problem of the FVM as shown in Equation 3.21 is associated with errors due to
solid angle overhang. The FVM is seen as a more economical and slightly more
accurate simulation method. Huge advantages are the conservation of radiative
energy and greater freedom of selecting the ordinates [11, 24]. More details can
be found e.g. in Raithby and Chui [24] and in Modest, [11, p. 567-568].
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4 Computation of Mie Phase
Function
To get a deeper understanding of the scattering phenomena within the combustion
processes, different computations are made. The computations are based on the
described methods of the Lorenz-Mie theory (cf. Section 2.3). The simulations
were done using the programming language Fortran, which is described briefly.
In the following, various test cases are introduced. The results of this work are
compared with the results from scientific publications.

4.1 Fortran Programming Language
Fortran algorithm is an accepted, scientific programming language. The name is
the abbreviation for Formula Translator. It was developed by IBM between 1954
and 1957 for implementing of formulas into coded programs. The programming
language was modified during the time. New programming standards were implemented which always had backward compatibility and were introduced by the
American National Standards Institute (ANSI) in 1966, 1977, 1991 and 1997.
These versions are called Fortran 66, Fortran 77, Fortran 90, and Fortran 95, respectively. Even today, there are ongoing developments of the Fortran programming language [30].

4.2 Mie Phase Function Computation Program
The calculations of the Mie phase functions were made with a Fortran program.
This program is based on the program mmmiea.f by Modest which was in the supplement [31] of his book [11]. Different adaptations and changes to this program
were made for this work. The derivations of the Lorenz-Mie theory are introduced
in Section 2.3. For the calculation of the phase functions, the alternative approach
of Clark, Chu, and Churchill [22] is used.
The calculations of the program require the input of a complex index of refraction n, a particle radius r, the number of particles per unit volume NT and the
wavenumber ν̃ = λ−1 . The program automatically calculates the absorption,
scattering, and extinctions coefficients κ, σ and β, respectively, the asymmetry
parameter g, the A M coefficients of the LMT, cf. Equation (2.40), and the phase
function Φ for θ = 0, 5, 10, ..., 180◦ . One can choose the convergence criteria for
the numerical calculations. These are the maximum errors allowed for the asymmetry factor, the absorption/scattering coefficients, the phase function values and
the A M -coefficients [31].
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The program can calculate the LMT for nonuniformly sized particles for which
methods were presented in Section 2.3.3. For the following calculation, only
uniform sized particle clouds were considered. Nonuniform sized particle phase
functions can be found in [23].

4.3 Calculation and Validation of Mie Phase Function
In the following subsections different calculations of the Mie phase function, and
other LMT parameter were made. To validate to LMT computation program, the
results were compared with scientific literature. These publications were written
by Modest and Azad [23] and Steinacker et al. [10]. Four different test case scenarios with in total eight different sets of LMT calculation parameters were calculated
and compared with the references.

4.3.1 First test case: No absorption
The first test case by Modest and Azad [23] is rather simple. The parameter necessary for Mie phase functions were given as
• Particle radius: r = 5 µm
• Wavelength: λ = 3.1416 µm
• Index of refraction: n = 2 + 0 · i
• Particle density: NT = 104 cm−3
• Resulting size parameter: x = 10.
Since the index of refraction has no imaginary part, absorption is not occurring. The Mie phase functions are shown in Figure 4.1. On the x-axis, the
cosine of the scattering angle θ is given. The reference data (a) and the own
calculation (b) are in good agreement. Both graphs increase wavelike from
cos θ ≈ −0.75 to cos θ ≈ 0.5. For 0.5 < cos θ < 1 they have strong fluctuations. The phase functions are increasing rapidly for cos θ → ±1. These heights
correspond to Φ(θ = 0◦ ) = 53.53 (forward scattering; on the right at cos θ = 1)
and Φ(θ = 180◦ ) = 3.007 (backward scattering).
The further calculated LMT parameters are given in Table 4.1. With no absorption present, the absorption coefficient is negligible with α = −2.321 · 10−10 ≈ 0;
one assumes, that program artifacts are responsible for this value. Therefore, the
extinction coefficient equals the scattering coefficient (β = σ) and the single scattering albedo is 1. Unfortunately, the calculated σ is not in agreement with the
test case. The disparity equals the factor 4. At this point, no explanation can be
given for this result.
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(a) Test case, Figure taken with modifica- (b) Own calculation; data values are
tions from Modest and Azad [23].
given in Table C.1.
Figure 4.1: Comparison of the first test case with the results of this work: Mie
scattering function for x = 10, n = 2, λ = 3.1416 µrm, r = 5 µm, and NT =
104 cm−3 .

Table 4.1: Comparison of calculated results for the first test cases, values by Modest
and Azad [23].
Parameter
Test case
Own calculation
x
10
10
−1
κ
0 cm
≈ 0 cm−1
−2
−1
σ
6.42 · 10 cm
1.605 · 10−2 cm−1
β
6.42 · 10−2 cm−1 1.605 · 10−2 cm−1
ω
1
1
g
–
0.6183

4.3 Calculation and Validation of Mie Phase Function
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(a) Test case, Figure taken with modifica- (b) Own calculation; data values are
tions from Modest and Azad [23].
given in Table C.1.
Figure 4.2: Comparison of the second test case with the results of this work: Mie
scattering function for x = 10, n = 2 − i, λ = 3.1416 µrm, r = 5 µm, and NT =
104 cm−3 .

4.3.2 Second test case: Additional absorption
The second test case is also by Modest and Azad [23]. The parameters are equal
to the previous test case (Section 4.3.1) besides of the index of refraction which
contains an imaginary part. The parameter necessary for Mie phase functions were
given as
• Particle radius: r = 5 µm
• Wavelength: λ = 3.1416 µm
• Index of refraction: n = 2 − 1 · i
• Particle density: NT = 104 cm−3
• Resulting size parameter: x = 10.
With the additional imaginary part of the index of refraction, the parameters,
and the phase functions have changed. The Mie phase functions are shown in
Figure 4.2. The shape of the graphs is very similar to the previous test case.
Again, the reference data (a) and the own calculation (b) are both in a good
agreement. At the edge of the plot, the phase functions are increasing rapidly for
cos θ → ±1. These heights correspond to Φ(θ = 0◦ ) = 108.7 (forward scattering)
and Φ(θ = 180◦ ) = 0.1453 (backward scattering at cos θ = −1).
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Table 4.2: Comparison of
Modest and Azad [23].
Parameter
x
κ
σ
β
ω
g

calculated results for the second test cases, values by
Test case
10
8.307 · 10−3 cm−1
1.073 · 10−2 cm−1
1.904 · 10−2 cm−1
0.5634
–

Own calculation
10
8.307 · 10−3 cm−1
1.073 · 10−2 cm−1
1.904 · 10−2 cm−1
0.5635
0.8189

The values show an increase in forward scattering. The asymmetry factor increased from 0.6183 (first test case with n = 2 to 0.8189 (second test case with
n = 2 − i). The further calculated LMT parameters are given in Table 4.2. The
computed absorption, the scattering, and the extinction coefficients are in excellent agreement with the test case. The LMT calculations are perfectly verified for
this parameter set.

4.3 Calculation and Validation of Mie Phase Function
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(a) Test case, Figure with modifications (b) Own calculation; data values are
taken from Steinacker et. al [10].
given in Table C.1.
Figure 4.3: Comparison of the third test case with the results of this work: Mie
scattering function in polar coordinates for n = 1.67+0.03· i, r = 0.12 µm and the
size parameter ensemble x = 1.88 (for λ = 0.40 µm), x = 1.08 (for λ = 0.72 µm),
and x = 0.75 (for λ = 1.00 µm).

4.3.3 Third test case: Small size parameter
The third test case is taken from Steinacker et al. [10]. The significance of the
test case is the small size parameter which could extend the validation of the LMT
calculation program to the lowest range of Mie scattering in LMT. With various
wave lengths, three different sets of parameters are given. The particle density
was not given. Therefore, the coefficients α, σ, and β cannot be calculated. The
parameters were given with
• Particle radius: r = 0.12 µm
• Wavelength: λ = 0.40 µm, λ = 0.72 µm and λ = 1.00 µm
• Index of refraction: n = 1.67 + 0.03 · i
• Resulting size parameter: x = 1.88 (for λ = 0.40 µm), x = 1.08 (for λ =
0.72 µm) and x = 6.3 (for λ = 0.75 µm).
The resulting phase functions in polar coordinates are shown in Figure 4.3. The
calculated phase functions were divided by the factor 4π for the Figure, because
the reference phase functions were normalized with this factor. As can be seen, the
test case phase functions are in good agreement with the calculations for all three
sets of size parameters. For x = 0.75, the phase function is similar to the Rayleigh
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scattering phase function, presented in Figure 2.4 and Equation (2.20). A decent
forward scattering is seen for x = 1.08. With a size parameter of x = 1.88, a
stronger forward scattering is shown.

4.3 Calculation and Validation of Mie Phase Function
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(a) Test case, Figure taken with modifica- (b) Own calculation; data values are
tions from Steinacker et. al [10].
given in Table C.1.
Figure 4.4: Comparison of the fourth test case with the results of this work: Mie
scattering function in polar coordinates for n = 1.67 + 0.03 · i, r = 1 µm and the
size parameter ensemble x = 15.8 (for λ = 0.40 µm), x = 8.7 (for λ = 0.72 µm),
and x = 6.3 (for λ = 1.00 µm).

4.3.4 Fourth test case: Big size parameter
The fourth test case is also taken from Steinacker et al. [10]. With this test case, the
validation of the LMT calculation program could be extended to large size parameters. Again with various wave lengths, three different sets of parameters are given.
The particle density was also not given and the calculation of the coefficients α, σ
and β was not possible. The parameters were given with
• Particle radius: r = 1 µm
• Wavelength: λ = 0.40 µm, λ = 0.72 µm and λ = 1.00 µm
• Index of refraction: n = 1.67 + 0.03 · i
• Resulting size parameter: x = 15.8 (for λ = 0.40 µm), x = 8.7 (for λ =
0.72 µm) and x = 6.3 (for λ = 1.00 µm).
The resulting phase functions in polar coordinates are shown in Figure 4.4. The
calculated phase functions were also divided by the factor 4π for the Figure, because the reference phase functions were normalized with this factor. It can be
seen that the test case phase functions are in good agreement with the calculations for all three sets of size parameters. With increasing size parameter, the
strength of the forward scattering is increasing rapidly. The asymmetry of the
scattering increases from g = 0.63 for x = 6.3 to g = 0.8669 for x = 15.8.
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(a) First test with g = 0.8189

(b) Second test with g = 0.6183

Figure 4.5: Comparisons of HGF (red line) and phase function (blue) for the first
and second test case, introduced in Section 4.3.1 and 4.3.2

4.4 Comparison of Mie Phase Function and Henyey-Greenstein Function
The calculation of the phase function based on the LMT coefficient introduced in
Section 2.3.2 is elaborate. Approximate functions could lead to easier calculations
because the LMT calculations are rather complicated. The Henyey-Greenstein
function (HGF) is an exemplary approximation function and was introduced in
Equation (2.61). In the following, the agreement of the HGF and the phase function is reviewed. The calculated phase functions of the first two test cases of
Modest and Azad, introduced in Section 4.3.1 and 4.3.2, were used. For each test
case, the HGF is compared with the calculated and validated phase function. The
results are shown in Figure 4.5. The HGF was plotted based on the calculated
asymmetry parameters of our LMT calculation program.
For both test cases, the HGF predicts the correct magnitude of the Mie phase
function. A clear disadvantage, the HGF does not correspond to the wave-like
behavior of the phase functions. The biggest discrepancy is the forward scattering (cos θ ≈ 1) where it is most important to have the correct values since the
significance for Mie scattering is the strong forward scattering. Therefore, good
agreement is necessary for forward scattering. But as an approximation, the HGF
can be used. Further calculations and comparisons are necessary to estimate the
quality of this approximation, especially for different size parameters. But even for
a high-quality approximate function, knowledge about the asymmetry parameter
is needed as necessary input. Thus, the Lorenz-Mie calculation program is a basic
need for further research on radiative heat transfer in combustion processes.

4.4 Comparison of Mie Phase Function and Henyey-Greenstein Function
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5 Summary and Outlook
In this work, the motivation for further research of radiative heat transfer for
combustion processes was given. The physical background of the radiative heat
transfer was introduced. The mathematical description of the Lorenz-Mie theory
was illustrated. Based on that, the Mie phase function and other parameters of
the Lorenz-Mie theory were calculated for various sets of inputs. In total, eight
different sets were taken from two different publications.
The comparison of all Mie scattering phase functions with the eight reference
cases was shown to be in excellent agreement. They were covering a broad spread
of size parameters and thereby a tall width of Mie scattering: At the edge of
Rayleigh scattering with a small size parameter of x = 0.75 up to x = 15.8 with
massive forward scattering. These calculations were extended with different input
parameter sets, such as a complex index of refraction with a negative, a positive,
and without an imaginary part. This leads to the conclusion that the presented
Mie phase function calculation program is validated for a broad spectrum of calculations. Furthermore, for the second test case, the validation of the parameter
calculation was verified successfully. For the first test case, the calculated parameter was of the same magnitude.
In general, the presented Lorenz-Mie calculation program can be implemented
into the existing programs of solving the Radiative Transfer Equation. The fundamentals of the Radiative Transfer Equation and their calculations are already
presented in this work.
As clearly shown, the calculations of the Lorenz-Mie theory are challenging. Thus,
an approximate approach of calculating the phase functions was presented as of
the Henyey-Greenstein function. But this approximate function cannot reproduce
the full complexity of the Mie scattering phase function. In further research, the
potential use of the Henyey-Greenstein function will be reviewed. The HenyeyGreenstein function or a similar approximation may be implemented.
In the future work, the Radiative Transport Equation calculation model will be included in the present radiation solver to account for particle radiation. Radiation
simulations for the combustion processes are planned with the fully implemented
model and to be verified with appropriate test cases. This addition of new calculations functions will lead to new perspectives of conducting radiative heat transfer
calculations in combustion processes.
A precise and verified particle radiation model for combustion processes can lead
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to new possibilities in radiative heat transfer research of combustion processes.
This knowledge builds an important part for further engineering of power plants.
With power plant design based on detailed combustion process modeling, considerable improvements in existing or new combustion technologies are possible.
In addition, various other applications of a particle radiation model of LorenzMie theory are possible in the fields, such as dust configurations around stellar
objects, scattering within the earth atmosphere, biomedical therapeutic applications, renewable solar energy, and material processing.

42

5 Summary and Outlook

List of Figures
1.1 Comparison of expected annual growth of energy consumption by
resource to 2035, taken from BP Energy outlook [1, p. 100]. . . . . .
1.2 Illustration of radiative heat transfer by particles, gases, and wall
deposits in a power plant combustion chamber; Figure provided by
supervisor Vitali Kez. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.1 Blackbody emission spectrum as a function of the wavelength and
the blackbody temperature T , public domain figure taken from
Wikimedia Commons [16]. . . . . . . . . . . . . . . . . . . . . . . . . . .
2.2 Scattering types: Refraction, reflection, and diffraction for spherical
particles, taken from Modest [11, p. 388] with small modifications
were made due to different nomenclature in this work. . . . . . . . .
2.3 Map of dependent and independent scattering for different particle
types, subject to the size parameter x and the volume fraction f v
introduced in Equation (2.56), taken from Modest [11, p. 389]. . .
2.4 Polar plot for various scattering phase function: Symmetric
Rayleigh scattering for x = 0.15 (red graph); decent and strong
Mie forward scattering for x = 0.75 and 1.88, respectively. . . . . .
3.1 Typical control volume ∆V for two dimensions, self-made figure. .
4.1 Comparison of the first test case with the results of this work: Mie
scattering function for x = 10, n = 2, λ = 3.1416 µrm, r = 5 µm,
and NT = 104 cm−3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
4.2 Comparison of the second test case with the results of this work:
Mie scattering function for x = 10, n = 2 − i, λ = 3.1416 µrm,
r = 5 µm, and NT = 104 cm−3 . . . . . . . . . . . . . . . . . . . . . . . .
4.3 Comparison of the third test case with the results of this work: Mie
scattering function in polar coordinates for n = 1.67 + 0.03 · i,
r = 0.12 µm and the size parameter ensemble x = 1.88 (for
λ = 0.40 µm), x = 1.08 (for λ = 0.72 µm), and x = 0.75 (for
λ = 1.00 µm). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
4.4 Comparison of the fourth test case with the results of this work: Mie
scattering function in polar coordinates for n = 1.67 + 0.03 · i, r =
1 µm and the size parameter ensemble x = 15.8 (for λ = 0.40 µm),
x = 8.7 (for λ = 0.72 µm), and x = 6.3 (for λ = 1.00 µm). . . . . .
4.5 Comparisons of HGF (red line) and phase function (blue) for the
first and second test case, introduced in Section 4.3.1 and 4.3.2 . .

6

8

12

14

15

18
26

33

34

36

38
39
43

List of Tables
1.1 Worldwide energy consumption in 2015 and outlook for 2035, data
are taken from BP Energy Outlook 2017 [1, p. 96]. . . . . . . . . . . .

6

3.1 Exemplary sets of weights and ordinate directions taken from W.A.
Fiveland [28] via Howell [17, p. 651]. . . . . . . . . . . . . . . . . . .

27

4.1 Comparison of calculated
Modest and Azad [23]. . .
4.2 Comparison of calculated
by Modest and Azad [23].

results for the first test cases, values by
. . . . . . . . . . . . . . . . . . . . . . . . . .
results for the second test cases, values
. . . . . . . . . . . . . . . . . . . . . . . . . .

33
35

A.1 Nomenclature of abbreviation. . . . . . . . . . . . . . . . . . . . . . . . 51
A.2 Constants, taken from NIST [32]. . . . . . . . . . . . . . . . . . . . . . 51
A.3 Nomenclature of parameters and their first introduction in this work. 52
C.1 Data values of calculated Mie scattering phase functions, results are
presented in section 4, without normalization to reference data in
the third and fourth test case. . . . . . . . . . . . . . . . . . . . . . . .

44

56

List of Tables

Bibliography
[1] BP Energy Outlook, 2017 edition, published by BP p.l.c., http:

//www.bp.com/content/dam/bp/pdf/energy-economics/
energy-outlook-2017/bp-energy-outlook-2017.pdf,
retrieved 7th August 2017
[2] Impulspapier Strom 2030. Langfristige Trends - Aufgaben für die kommenden Jahre, published by Bundesministerium für Wirtschaft und
Energie
(2016),
https://www.bmwi.de/Redaktion/DE/

Publikationen/Energie/impulspapier-strom-2030.
pdf?__blob=publicationFile&v=23, retrieved 7th August 2017
[3] T. Gronarz, M. Habermehl, and R. Kneer, Modeling of particle radiative
properties in coal combustion depending on burnout, Heat Mass Transfer, Volume 53, Issue 4, pp 1225–1235 (2017), doi: 10.1007/s00231-0161896-0
[4] Manfred Kehr, Gereon Thomas, and Ute Hartfil, Technologische Weiterentwicklung und heutige Qualität im Kraftwerksneubau, VGB PowerTech, Issue 3, pp 33–37 (2010), http://www.free-lancers.
net/posted_files/NC8B4107935D9.pdf, retrieved 6th July 2017
[5] Gilbert M. Masters, Renewable and Efficient Electric Power Systems, ISBN
0-471-28060-7 (2004)
[6] Report of the Conference of the Parties on its twenty-first session
(2016), published by United Nations Framework Convention on Climate Change, unfccc.int/resource/docs/2015/cop21/eng/
10.pdf, retrieved 6th July 2017
[7] R. Stanger, T. Wall, R. Spörl, M. Paneru, S. Grathwohl, M. Weidmann, G.
Scheffknecht, D. McDonald, K. Myöhänen, J. Ritvanen, S. Rahiala, T. Hyppänen, J. Mletzko, A. Kather, and S. Santos, Oxyfuel combustion for CO 2
capture in power plants, International Journal of Greenhouse Gas Control,
Volume 40, pp 55–125 (2015), doi: 10.1016/j.ijggc.2015.06.010
[8] L. Chen, S.Z. Yong, and A.F. Ghoniem, Oxy-fuel combustion of pulverized coal: Characterization, fundamentals, stabilization and CFD modeling, Progress in Energy and Combustion Science, Volume 38, Issue 2, pp
156–214 (2012), doi:10.1016/j.pecs.2011.09.003
[9] P.J. Foster and C.R. Howarth, Optical constants of carbons and coals
in the infrared, Carbon, Volume 6, Issue 5, pp 719–724 (1968), doi:
10.1016/0008-6223(68)90016-X
45

[10] J. Steinacker, T. Henning, A. Bacmann, and D. Semenov, 3D continuum
radiative transfer in complex dust configurations around stellar objects and
active galactic nuclei, Astronomy and Astrophysics, Volume 401, Issue 2, pp
405–418 (2003), doi: 10.1051/0004-6361:20021853
[11] M.M. Modest, Radiative Heat Transfer, 3rd edition, ISBN 978-0-12-3869449 (2013)
[12] B. Hunter and Z. Guo, Numerical smearing, ray effect, and angular
false scattering in radiation transfer computation, International Journal of Heat and Mass Transfer, Volume 81, pp 63–74 (2015), doi:
10.1016/j.ijheatmasstransfer.2014.10.014
[13] W. Demtröder, Experimentalphysik 2: Elektrizität und Optik, 5th edition,
ISBN 978-3-540-68210-3 (2009)
[14] P. Heinzlreiter, Realistische Echtzeitdarstellung von Wolkenformationen in
virtuellen Umgebungen, Diplomarbeit (2001)
[15] P. Tippler and G. Mosca, Physik für Wissenschaftler und Ingenieure, 2nd
edition, ISBN 3-8274-1164-5 (2006)
[16] Figure Bbs.jpg, created by User „Joonasl“, licenced under public domain, taken from Wikimedia Commons via https://commons.
wikimedia.org/wiki/File:Bbs.jpg, retrieved 6th April 2017
[17] J.R. Howell, R. Siegel, and M.P. Mengüc, Thermal Radiation Heat Transfer,
5th edition, ISBN 978-1-4398-9455-2 (2010)
[18] F. Perez, Global illumination techniques for the computation of high-quality
images in general environments, PhD Dissertation (2003)
[19] P. Boulet, A. Collin, and J.L. Consalvi, On the finite volume method and the
discrete ordinates method regarding radiative heat transfer in acute forward anisotropic scattering media, Journal of Quantitative Spectroscopy
& Radiative Transfer, Volume 104, Issue 3, pp 460–473 (2007), doi:
10.1016/j.jqsrt.2006.09.010
[20] G. Mie, Beiträge zur Optik trüber Medien, speziell kolloidaler Metalllösungen, Annalen der Physik, Volume 330, Issue 3, pp 377–445 (1908), doi:
10.1002/andp.19083300302
[21] W. Hergert, The Mie Theory. Basics and Applications, ISBN ISBN 978-3-64228738-1 (2012)
[22] G.C. Clark, C.-M. Chu, and S.W. Churchill, Angular Distribution Coefficients
for Radiation Scattering by a Spherical Particle, Journal of the Optical Society of America, Volume 47, Issue 1, pp 81–84 (1957)
46

Bibliography

[23] M.F. Modest and F.H. Azad, The Influence and Treatment of Mie-Anisotropic
Scattering in Radiative Heat Transfer, Journal of Heat Transfer, Volume 102,
Issue 1, pp 92–98 (1980), doi: 10.1115/1.3244255
[24] G.D. Raithby and E.H. Chui, A Finite-Volume Method for Predicting
a Radiant Heat Transfer in Enclosures With Participating Media, Journal of Heat Transfer, Volume 112, Issue 2, pp 415–423 (1990), doi:
10.1115/1.2910394
[25] A. Schuster, Radiation through a foggy atmosphere, Astrophysical Journal,
Volume 21, Issue 1, pp 1 (1905)
[26] K. Schwarzschild, Equilibrium of the Sun’s Nachrichten von der Königlichen
Gesellschaft der Wissenschaften zu Göttingen. Math.-phys. Klasse, Volume
195, pp 41–53 (1906)
[27] C.P. Thurgood, A. Pollard, and H.A. Becker, The TN Quadrature Set for the
Discrete Ordinates Method, Journal of Heat Transfer, Volume 117, Issue 4,
pp 1068–1070 (1995), doi:10.1115/1.2836285
[28] W.A. Fiveland, Three-dimensional radiative heat transfer solutions by the
Discrete-Ordinates Method, Journal of Thermophysics and Heat Transfer,
Volume 2, Issue 4 pp 309–316 (1988), doi: 10.2514/3.105
[29] M. Laemmerhold, Implementierung eines Solvers für die Strahlungstransportgleichung, master thesis (2015), RWTH Aachen University
[30] H. Kolinsky, Programmieren in Fortran 90/95, lecture notes (no date given),
University of Bayreuth
[31] M.M. Modest, Radiative Heat Transfer. Computer Codes, from 4th February
2013
[32] CODATA internationally recommended values of Fundamental Physical
Constants, National Institute of Standards and Technology (NIST), http:
//physics.nist.gov/cuu/Constants/index.html, retrieved
6th April 2017
[33] Legendre Polynomial, NWolfram MathWorld, http://mathworld.
wolfram.com/LegendrePolynomial.html, retrieved 3rd August
2017
[34] Legendre
World,

Differential

Equation,

NWolfram

Math-

http://mathworld.wolfram.com/
LegendreDifferentialEquation.html, retrieved 3rd August

2017

Bibliography

47

Appendices

49

A Abbreviations, Nomenclature and
Constants
Table A.1: Nomenclature of abbreviation.
Abbreviation
CCS Carbon capture and storage
DOM Discrete ordinate method
FVM Finite volume method
HGF Henyey-Greenstein function
LMT Lorenz-Mie theory
RTE
Radiative transfer equation of electromagnetic waves

Table A.2: Constants, taken from NIST [32].
Quantity symbol Value with uncertainty
Physical quantity name
−1
c
299 792 458 (exact) m s
Speed of light
−23
−1
1.380 648 52 (79) · 10 J K
Boltzmann’s constant
kB
h
6.626 070 040 (81) · 10−34 J s
Planck constant
8
−2 −4
σSB
5.670 367 (13) · 10 W m K
Stefan-Boltzmann constant
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Table A.3: Nomenclature of parameters and their first introduction in this work.
Latin symbols
am , bm Mie coefficients (–)
Section 2.3.2
−2
C
Absorption, scattering and extinction cross-sections (m ) Section 2.3.2
Clearance of spherical particles (m)
Section 2.1.3
cp
−1
Frequency of electromagnetic wave (s )
Section 2.1
f
fv
Volume fraction (–)
Eq. (2.56)
Asymmetry parameter (–)
Eq. (2.19)
g
−2
G
Incident heat flux (W m )
Eq. (3.2)
Nondimensional polarized intensities (–)
Eq. (2.27) & (2.28)
i1 , i2
−2 −1
I
Radiative intensity (W m sr )
Section 2.2
−3
NT
Number of particles per unit volume (m )
Section 2.3.3
Complex index of refraction (–)
Eq. (2.31)
n
nr
Real part of n (–)
Section 2.1
Pe
Total emitted radiative energy (W)
Eq. (2.1)
Radius of a spherical particle (m)
Section 2.1.3
r
S1 , S2 Amplitude functions (–)
Eq. (2.27) & (2.28)
Q
Absorption, scattering and extinction efficiency factors (–) Section 2.3.2
q
Radiative heat flux (W m−2 )
Eq. (3.1)
x
Size parameter (–)
Eq. (2.10)
Greek symbols
β
Extinction coefficient (m−1 )
Γ
Gamma function
ΓS
Surface of a volume element (m2 )
ε
Emissivity (–)
θ
Polar angle (◦ )
κ
Absorption coefficient (m−1 )
ν̃
Wave number (m−1 )
σ
Scattering coefficient (m−1 )
τ
Nondimensional optical coordinates
Φ
Phase function (–)
φ
azimuthal angle (◦ )
Ψ
Riccati-Bessel-function
λ
Wavelength (m)
Ω
Solid angle (Sr)
ω
Single scattering albedo (–)
Riccati-Bessel-function
ζ

Section 2.1.3
Eq. (2.55)
Eq. (3.13)
Eq. (2.1.1)
Section 2.3.1
Eq. (2.7)
Eq. (2.10)
Eq. (2.9)
Eq. (2.14)
Eq. (2.12)
Section 2.3.1
Eq. (2.34)
Section 2.1
Section 2.3.1
Eq. (2.15)
Eq. (2.35)

Subscripts
b
Blackbody
i
Parameter in direction i
λ
Parameter for single wavelength λ
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B Mathematical Explanations
Legendre Polynomials
The Legendre polynomials Pm are the solution to a second-order ordinary differential equation, called Legendre differential equation, given as
d2 y
dy
(1 − x ) 2 − 2x
+ l(l + 1) y = 0
dx
dx

(B.1)



d
2 dy
(1 − x )
+ l(l + 1) y = 0 .
dx
dx

(B.2)

2

or alternatively as

A possible definition is
Pm (z) =

I

(1 − 2tz + t 2 )−1/2 t −m−1 dt

(B.3)

and result in the following first exemplary Legendre polynomials:
P0 (x) = 1

(B.4)

P1 (x) = x
1
P2 (x) = (3x 2 − 1)
2
1
P4 (x) = (35x 4 − 30x 2 + 3)
8

(B.5)
(B.6)
(B.7)

The information were taken from [33, 34]. Further explanations can be found
there.
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C Data Values of Calculated Mie
Scattering Phase Functions
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Table C.1: Data values of calculated Mie scattering phase functions, results are
presented in section 4, without normalization to reference data in the third and
fourth test case.
Case
First
Second
Third
Fourth
Sect.
4.3.1
4.3.2
4.3.3
4.3.4
θ
x=10
x=10
x=0.75 x=1.08 x=1.88 x=6.3
x=8.7
x=15.8
0
53.5300 108.7000 1.9470 2.4530 4.6410 33.6100 76.1600 237.2000
5
40.3400 85.5000 1.9380 2.4410 4.6010 30.0500 63.9300 130.6000
10 15.3400 39.3100 1.9120 2.4030 4.4830 21.3500 36.6900 12.8300
15
1.6270
8.0890
1.8690 2.3430 4.2940 11.9600 12.7100
4.6870
20
2.4970
0.5978
1.8120 2.2600 4.0440 5.4750
1.7790
2.6520
25
5.6250
1.7020
1.7410 2.1600 3.7450 2.6530
0.7108
0.8241
30
4.0060
1.3570
1.6590 2.0440 3.4130 1.9350
2.0680
2.5910
35
1.0790
0.4311
1.5690 1.9160 3.0630 1.5490
2.0890
0.3241
40
0.8997
0.3905
1.4730 1.7810 2.7070 0.9167
1.0640
0.6057
45
2.1450
0.4454
1.3750 1.6430 2.3600 0.4270
0.2716
0.7656
50
1.9670
0.3011
1.2760 1.5040 2.0310 0.4252
0.1848
0.0914
55
0.7569
0.2384
1.1800 1.3690 1.7270 0.7114
0.4353
0.4459
60
0.4138
0.2310
1.0890 1.2410 1.4540 0.8759
0.4980
0.3110
65
0.7944
0.2068
1.0050 1.1210 1.2130 0.7886
0.2948
0.1485
70
0.7166
0.1980
0.9297 1.0130 1.0040 0.6220
0.1343
0.3191
75
0.3311
0.1856
0.8649 0.9173 0.8271 0.5268
0.1716
0.1412
80
0.3161
0.1632
0.8114 0.8348 0.6782 0.4649
0.2369
0.1699
85
0.4272
0.1639
0.7698 0.7657 0.5546 0.3587
0.1995
0.1692
90
0.2765
0.1724
0.7400 0.7101 0.4528 0.2563
0.1403
0.0954
95
0.1841
0.1594
0.7221 0.6671 0.3696 0.2550
0.1226
0.1270
100 0.3261
0.1458
0.7152 0.6361 0.3020 0.3262
0.1077
0.0880
105 0.3103
0.1525
0.7187 0.6158 0.2477 0.3317
0.0923
0.0988
110 0.1158
0.1599
0.7314 0.6049 0.2046 0.2185
0.0914
0.0784
115 0.0999
0.1519
0.7520 0.6020 0.1711 0.1020
0.0761
0.0900
120 0.1698
0.1430
0.7790 0.6057 0.1460 0.1059
0.0580
0.0837
125 0.1354
0.1465
0.8111 0.6145 0.1282 0.1868
0.0746
0.0493
130 0.1193
0.1533
0.8466 0.6272 0.1167 0.2066
0.0864
0.0722
135 0.1305
0.1515
0.8840 0.6423 0.1107 0.1542
0.0627
0.0518
140 0.1736
0.1448
0.9219 0.6589 0.1092 0.1771
0.0563
0.0560
145 0.3200
0.1428
0.9589 0.6759 0.1113 0.3492
0.0767
0.0733
150 0.3542
0.1467
0.9937 0.6923 0.1158 0.5081
0.0754
0.0813
155 0.2439
0.1505
1.0250 0.7074 0.1219 0.4491
0.0570
0.0417
160 0.3176
0.1499
1.0520 0.7206 0.1285 0.2650
0.0494
0.0683
165 0.6454
0.1468
1.0740 0.7314 0.1348 0.3414
0.1161
0.1106
170 1.3190
0.1447
1.0900 0.7394 0.1398 0.9128
0.4139
0.0519
175 2.3980
0.1448
1.1000 0.7443 0.1431 1.6880
0.9077
0.1882
180 3.0070
0.1453
1.1040 0.7459 0.1442 2.0520
1.1710
0.5134
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C Data Values of Calculated Mie Scattering Phase Functions

